Generalizations of Guillera-Sondow's double integral formulas 

Sergey Zlobin 

Abstract. We evaluate certain multidimensional integrals in terms of the Lerch transcendent 
function <]?, generalizing Guillera-Sondow's formulas. As an application, we get new representations 
of classical constants like Euler's constant 7 and ln(4/-7r). 

The Lerch transcendent $ is defined as the analytic continuation of the series 

<£{Z, S,U) — h 7 7T + 7 -— H , 

v ' u s {u + l) s {u + 2) s 

', which converges for any complex number n with Ren > if z and s are any complex 

numbers with either \z\ < 1, or \z\ = 1 and Res > 1 (we suppose ( s = exp(slogC), where 

; log ( is the principal branch of the logarithm). The function <3> is holomorphic in z and s, for 

kjy z G C\[l,oo] and all complex s (see [1, section 1.11] or [2, section 2]). From the definition 

^ . it follows that 

${z,s,u + l) = - U(z,s,u) - -V) , (1) 

19$ 

$(z,s + l,u) = -- — (z,s,u). (2) 
In the paper [2] J. Sondow and J. Guillera proved the following two theorems. 

Theorem 1 Suppose u > 0, v > 0, u 7^ v , either z 6 C\[l, 00) and Res > —2, or z = 1 
and Res > — 1. Then 

x\- x x\- x . , . SJ , .$(z,s + l,v)-$(z,s + l,u) 



\nx1x2ydx1dx2 = r(s + 1)- 



> ■ / ^1X2'" 



00 ■ J I - 1 



r 0)1 ]2 1 — ZX1X2 U — V 

[ ^l^lt (-\nxix 2 ) s dxidx 2 = T(s + 2)$(z, s + 2, u). 

ifO.ll 2 1 — ZX\X 2 



^ ■ Theorem 2 Suppose u > 0, either z 6 C\[l, 00) and Res > —3, or z = 1 and Res > —2. 

- — (xix 2 )" _1 (— \nxix 2 ) s dxidx2 



O . Then 
O ' /" 1 — X 



1-^ I ,/[0,l] 2 1 — ^1^2 

g; =r(s + 2) 

> 
X 



^,s + 2,n) + ^ ) ^ S + 1 ' M) -^ 1 



z(s + l) 

The purpose of this paper is to prove the following m-dimensional analogs of Theorems 1 
and 2 (in what follows dx means dx\dx 2 • • • dx m , where m is the dimension of an integral). 

Theorem 3 Supposem is a positive integer, Ren > 0, Ren > 0, u ^ v , either z e C\[l, 00) 
and Res > — m, or z = 1 and Res > 1 — m. For the case m > 1 define the function 



F m>U)V (Xi,X2,...,X m ) = {X\X 2 - ■ -XmY 1 (x\ V + {xiX 2 ) U V + h {xiX 2 ' ' ' Xm-l)" 

Then 

Fm,u,v 1 ■ ■ ■ 1 %m) i i \ s i 

— j 2 ( — mxix 2 ■ ■ ■ x m ) dx 

[0,l] m 1 ~~ ZX\X 2 ■ ■ ■ x m 

r(s + m — 1) $(z, s + m — 1, n) — &(z, s + m — 1, u) „ „ 

= -7 ■ — for m>l, 3 

(m — 2j! u — v 

ixxx 2 ■ ■ ■ i m )" _1 r(s + m) 

(— mxiX 2 ■ ■ ■ s m ) dx = -r<P(z, s + m,u) jorm>\. (4) 

[01]m 1 - zxxx 2 - ■ -x m (m-l)\ 
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Theorem 4 Suppose m is an integer > 1, Reu > 0, either z G C\[l, oo) and Res > —m—1, 
or z = 1 and Res > —m. Then 



f m-l-x 1 -x 1 x 2 x ± x 2 • • • x m _i u 

/ : \XiX 2 ---X m ) (-mXiX 2 •••X m ) dX 

j foal" 1 ^ ~ ZX1X2 ■ ■ ■ x m 

(5) 



'[0,1] 

T(s + to 



(to -2) 



(1 - Z)$(Z, S + TO - 1, u) - U ~ S ~ m+l 

$(z,s + m,u) + ± — 

Z(S + TO — 1 



In the case to = 2 Theorems 3 and 4 give Theorems 1 and 2. As an example, we give 
also the case to = 3. 

Example 1 a) If Reu > 0, Rev > 0, u 7^ v , either z G C\[l, 00) and Res > —3, or z = 1 
and Res > —2, then 

„u—l„v—l„v—l 1 ^u—lu—lv—l 



f xr L x v 2 - L x v f L + xr L x u 2 ~ L x%- \ , , SJ _ w ^$(z,s + 2,v)-$(z,s + 2 : u) 
/ — —(-\nx l x 2 x 3 ) s dx = T(s+2)—^ — v 

7[0,1]3 1 - 2X1X2X3 u-v 



b) If Reu > 0, either z G C\[l, 00) and Res > —3, or z = 1 and Res > —2, then 



[ I 

J[o,i] 3 1 



(XiXsXa)"- 1 , . NSJ _ T( S + 3) 



(— lnxiX2X3) s <ix = s + 3, u). 



zxix 2 x 3 2 
c) If Reu > 0, either z G C\[l, 00) and Res > — 4, or z = 1 and Re s > — 3 ; t/ien 

f 2 — X\—X\X 2 \u-\t 1 \s 1— 

/ — (^1X2X3) (-mxix 2 x 3 ) dx 

J [0A] 3 1 - ZX1X2X3 

(1- z)$(z,s + 2,u) -u- s - 2 



= r( s + 3) 



<Z>(z,s + 3,u) + 



2(5 + 2) 



In [2] many interesting applications of Theorems 1 and 2 are given. All of them can be 
generalized by Theorems 3 and 4; indeed, by these four theorems we have 



f x" x 

/ — — (— lnxiX2) s (ixidx2 

y [0) i]2 1 - 2x1X2 

/ oM f Fm,u,v{Xl, X 2) . . . , X m ) , \s-m+2j- c ^ 1 

= (to — 2)! / — — (— mxix 2 • • • x m ) dx for to > 1, 

J[o,il m 1 — 2X1X2 • • • x m 



f (xix 2 ) u * Ns , 

/ (— mxix 2 ) dx\dx 2 

J[o,i] 2 1 _ 2X i x 2 



TO 



</[o,i] m 1 ~~ 2X1X2 • • • x m 



I 1 — ^i_^ i;r2 ^ x (- lnxix 2 ) s (ixi(ix2 
ifo.il 2 1 — 2X1X2 



'[0,1] 

t OM /" TO-I-X1-X1X2 XiX 2 '--X m _i ! 

= {m-2)\ (xix 2 ---x ri x 

'[0,l] m J- 2X1X2 • • • x m 



' in J 



x (-lnxix 2 • • -Xm) 3 m+2 dx for to > 1. 

We give here only two examples. 
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Example 2 Let m be an integer > 1, and 7 = Hindoo (l + \ + • • • + ^ — Inn) be Euler's 
constant. Then 

-(m -2)! f m - 1 - Xl - XlX2 XlX2 ' ' ' Xm ~ 1 dx 

7 m ' J [0,1]™ (1 - Xl%2 ■ ■ ■X m )(-\YIX 1 X 2 ■ ■ -X m ) m - X 

Example 3 For an integer to > 1 the following identity holds: 

In --(to -2)! [ m - 1 - Xl - XlX2 XlX2 ' ' ' Xm ~ x dx 

* ' J {0,1]™ (l + x 1 x 2 ---x m )(-\nx 1 x 2 ---x m ) m - 1 

We omit details of proofs of these examples and refer to the case to = 2, which was considered 
by J. Sondow [3]. 

To prove Theorem 3, we will require two lemmas. The first is the identity (4) for to = 1, 
and is classical. 

Lemma 1 Suppose Reu > 0, either z G C\[l, 00) and Res > —1, or z = 1 and Res > 0. 
Then i 

/ — (- In x) s dx = T(s + l)Q(z,s + l,u). 

Jo 1 - zx 

Proof. The integral, call it J, defines a holomorphic function of z and s under the conditions 
stated. We can prove the statement for \z\ < 1 and Res > and then use analytic 
continuation. Expand 1/(1 — zx) into a geometric series and then integrate: 

00 -i 
I = ^z n x u+n -\-\nx) s dx. 

n=0 J ° 

Making the substitution x = e~ y , we obtain 

n=0 ^ n=0 ^ + ^ 

and the lemma follows. 

Lemma 2 Let a^O and re e (0, 1]. Then the following identities hold for k > 1: 
a) 

f 1 ( — lmc)^ 

/ — -dhdh ■■■dt k = t~. , (6) 

Jl>ti>t 2 >->t k >x t l t 2 ■ ■ -tk Kl 

I g + g + -" + g (B , (Bi ... (B>= (l^l.lz£!. (7) 

Ji>u>t2>->t k >x t x t 2 ---t k [k-ly. a 



'l>tl>t 2 >--->i fc >a; ' 

Proof. The identity (6) is easily proved using induction and the equality 

dt\dt 2 ■ ■ ■ dtk-i \ dtk 



r dt x dt 2 ---dtk _ f I f 

Jl>U >tn>->tu>X tlt2---tk J x \Jl 



l>h>t 2 >--->t k >x tit2'--tk J x Wl>ti>t 2 >— >t fc _i>tfc ^1^2 • ' - ifc— 1 J tk 

Denote the integral in (7) by Ik(x). We prove by induction; the case k — 1 is true. Suppose 
k > 1 and the statement is true for A; — 1. We have 

r fc V J l>ti>t2>--->t k -i>tk l l l 2'~' l k-l 



Apply (6) to the integral in parentheses: 

dt„ , I' 1 (-In it)*" 



4w= / h-^rf+i ^ij-trit k . 



Using the induction hypothesis, we obtain 



It(x) = f (t^iTL . Izp. + t^l^ , dtl 



(k - 2)! at k (k-l)\ k 



'-\ntkf~ 1 t^-ll 1 f-lnaO*" 1 1-x" 



(k-l)\ a 



(k-l)\ a 
Now the lemma is completely proved. 

Proof of Theorem 3. The integrals J\ and J2 in (3) and (4) define holomorphic functions 
of s under the conditions stated. We can prove the statement for Res > and then use 
analytic continuation. 

First we prove (4). Make the substitution 

X\ — ti, X2 — t2/ti, X3 = ts/t2, X m = t m jt m -\ (8) 

in J 2 . We obtain 

■h= I : - - (~ lnt m ) a — dhdt 2 ■■■dt m 

Jl><i>t 2 > - >t m >0 1 Zt rn ^1^2 ' ' ' tm-1 

tm {-lnt m ) S ([ 1 dt^-'-dt^dtm. 

1 — Zt m \Jl>t 1 >t 2 > - >t m - 1 >t m tlt 2 ■ ■ ■ tm-1 / 

Applying (6) with x = t m and k — m — 1, we get 



1 r 1 

- 1)! 7o m) 



•1 

j2 = 7- ' 



It remains to apply Lemma 1. 

Now we prove (3). Denote a — u — v, then 

■h = j — (x° + (xix 2 ) a H \- (x^- ■ ■x m _i) a )(- In XiX 2 - ■■ s m ) s dx. 

J [0,l] m 1 ~~ • • • x m 

Make the substitution (8) 

r 1 t v ~ l f C t a A- t a A- ■ ■ ■ A- t a \ 

Ji= -^—(-\nt m y( 1 + * r 1 - ^■■■4-1 4 



1 \il>t 1 >t 2 >--->t m _ 1 >t m tlt2---tm-l 



and apply (6) 



Ji = t ^rr ( f -r^-{-^trn) s+m - 2 dt m - f ^^-(-\nt m ) s+m - 2 dt 

(m-2)\a\.n l — Zt m Jn l — Zt m 



III 



It remains to apply Lemma 1 to both integrals and get back to u from a. The theorem is 
proved. 

Remark. The formula (4) can be also obtained by letting v — > u in (3) and using the 
identity (2). 
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Proof of Theorem 4. The integral J in (5) defines a function which is holomorphic in 
s, when Res > — m — 1 if z G C\[l, oo], and when Res > — m if z = 1. We prove the 
statement for Re s > and then use analytic continuation. We have 



-. / (xiX 2 ' ' ' %m) i n \ c i 

J — {m—l) / (—In X\X 2 ■ ■ ■ x m ) ax 

' [o,i] m ^ za?i£2 ■ ■ ■ x m 



i[0,l] m ^ 



Apply Theorem 3 to both integrals: 

J —Om - —y§(z,s + m,u) 

(m — 1)1 

p( s _|_ m _ x) 

'<&(z, s + m - 1, w) - $(z, s + m - 1, u + 1)) 



(— In x\x 2 ■ ■ ■ x m ) s dx. 



(m-2 
T(s + m 



(m-2)! 



, , . s + m — 1, u + 1) — $(z, s + m — 1, u) 
$(z, s + m, w) H — 



(s + m — 1) 
Use (1) and the theorem follows. 

The way which we prove Theorem 3 can be applied to any integral 



/ ^-( - \nx lX2 ■ ■ ■ X m ) s dx. 

J\G,l\ m ^ ZX\X 2 ' ' ' 2-m 



'[0,1]" 

We give the formula for the case when all Ui are different. 

Theorem 5 Suppose m > 1 and Re^i > , Rew 2 > 0, . . . , Rew m > 0, Ui ^ Uj whenever 
i 7^ j, and either z G C\[l, oo) and Res > — 1, or z = 1 and Res > 0. Then the following 
identity holds: 

/ X2 '" X - (-lnx 1 x 2 ...x^dx = T(s + l)J2 rl Z,S ( + • (9) 

To prove Theorem 5 we require the following 

Lemma 3 Let k > 1 and ui, «2; ■ ■ ■ , Uk+i be arbitrary numbers with Ui ^ Uj whenever 
i 7^ j , and x G (0, 1]. Then the following identity hold: 

r , T ui-u k+1 

/ tT -u 2 -i t u 2 -u 3 -i . . . f k ^ + ^ dtldt2 ... d t k = J2 FFfeTT ; r- ( 10 ) 

Proof. Denote the integral in (10) by I(ui, u 2 , ■ ■ ■ , Uk+i; x). We prove by induction; the 
case k — 1 is true. Suppose k > 1 and the statement is true for k — 1, then 

J(ui, u 2 ,..., Mfc+i; x) = / /(ui, m 2 , • • • , «fc; tfc)tfc fc_Mfe+1_1 (i4. 

1 fe J-Mi-Mfc 

^ t^-^-'dtk 

x i=l rLf=l,jyi( u ;? _ M i) 



/ 1 ^" Ufc+1 " 1 dt fc 



_<A 1 1 - x Ui ~ Uk +^ 

Jl X ui- Uk+1 j_ i 
= E + • 5" J 

i=i llj-ij^K - i= i ( M * - II, ;.,,>./ - 

Thus the statement of the lemma is equivalent to the identity 

E 1 = — — • (n) 

i=1 (Ui - u k+1 ) \\ j , jJi ia J - Ui ) U j= i( u j ~ u k+i) 



To prove it, consider the polynomial 



p (-) = E S 



— X) 



of degree fc — 1. We have P{uj) = 1 for any i e {1,2,..., k}. Hence P(x) = 1. The equality 
P(wfe+i) = 1 yields (11) and the lemma follows. 

Proof of Theorem 5. In the case m = 1 the theorem is equivalent to Lemma 1. Now let 
m > 1. Make the substitution (8) in the integral J in (9) 

J = / t^^-H - iBt m ) a t? 1 - ua - 1 C" U3_1 • • -t u ™_T Um dhdh ■ --dt m . 

Applying (10) for = m — 1 and rr = £ m , we obtain 

m 1 fl J.U — 1 

J = Efpfc+i — ; 7/ rhr (-^t m ydt m . 

i=l II, I, - «i) ^0 1 - **m 

Use Lemma 1 and the theorem follows. 

Remark. Theorem 5 is another generalization of the first equality in Theorem 1. 
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